A rigorous and efficient computational method is developed to calculate transmission and reflection spectra for finite number of air-hole arrays in a slab, where the incident waves are propagating modes of the slab. The method is a three-dimensional extension of the Dirichlet-to-Neumann (DtN) map method previously developed for ideal two-dimensional photonic crystals which are infinite and invariant in one spatial direction. The method relies on the DtN maps of the unit cells to avoid repeated calculations in identical unit cells. The DtN map of a unit cell is constructed using eigenmode expansions in the vertical direction (perpendicular to the slab) and cylindrical wave expansions in the horizontal directions.
Introduction
In the last two decades, photonic crystals (PhCs) [1] have been extensively explored for their unusual abilities to control and manipulate light. The most important property of a PhC is the existence of bandgaps, i.e., frequency intervals in which propagating waves do not exist. Based on the bandgap effect, microcavities, waveguides and more complicated structures can be developed in a PhC by introducing defects, and these PhC devices may have significant applications in future photonic integrated circuits. In principle, full light confinement by the bandgap effect can only occur in a three-dimensional (3D) PhC which has three linearly independent periodic directions. Since the fabrication of a 3D PhC under the sub-micrometer scale is a very challenging and expensive task, much attention has been turned to photonic crystal slabs which are 3D structures with a two-dimensional (2D) periodicity. Typically, a PhC slab is obtained by etching a triangular lattice of air-holes in a layered medium, such as a dielectric slab of high refractive index surrounded by lower-index materials. PhC slabs can confine light via the bandgap effect in the plane of periodicity (parallel to the slab), but they cannot prevent out-of-plane radiation loss, since the vertical confinement by index guiding is imperfect. Nevertheless, since PhC slabs are relatively easy to fabricate with existing technologies, they have been used to design many interest photonic devices.
To analyze basic properties of a PhC slab and to design photonic components and devices in a PhC slab, efficient numerical methods are needed. The mathematical problems can be classified as eigenvalue problems for band structures, waveguide modes and cavity modes, and boundary value problems for general components and devices, such as waveguide bends, branches, couplers, filters, interferometers, etc. Since a PhC slab is a 3D structure, these mathematical problems are computationally expensive. This is especially true for boundary value problems involving many unit cells. One of the most important boundary value problem is to compute the transmission and reflection spectra for finite number of hole arrays in a slab. These spectra are useful, since in practice, waveguides or other components, are separated only by a finite number of unit cells. They are also closely related to experimental setups for verifying the bandgaps of the PhC slab.
One way to reduce the computation difficulties of these boundary value problems is to use a 2D model as in the effective index method [2] , or simplify the problem by keeping only the propagating Bloch modes of the PhC slab [3] . However, it has been recognized that the 2D models are not always accurate. One reason is that the 2D models cannot accurately account for the out-of-plane radiation loss in PhC slabs. The finite-difference time-domain (FDTD) method [4] is a widely used rigorous method to simulate lightwaves in photonic structures, but it is also prohibitively expensive, since small grid sizes are needed to resolve interfaces with large index-contrast, small time steps are needed to ensure numerical stability, and the computational domain may be very large compared with the wavelength. On the other hand, standard frequency domain methods, such as the finite element method [5, 6] , give rise to very large, sparse, indefinite and complex linear systems that are difficult to solve by existing numerical linear algebra techniques. However, special frequency-domain methods can be developed to take advantage of the available geometric features. The multipole method [7] [8] [9] [10] is a classical semi-analytic method for analyzing scattering problems associated with cylinders and spheres. It has been extended to PhC slabs based on eigenmode expansions in the vertical direction [11] , where the slab is assumed to be horizontal. While the multipole method is quite suitable for a slab with a finite number of holes, it becomes rather complicated when the slab contains infinite number of holes due to the need to evaluate lattice sums. The integral equation method [12] is another approach that can make use of the special geometry. For PhC slabs, an integral equation method with an accelerated iterative solver was presented in [13] .
Recently, some efficient numerical methods based on the Dirichlet-to-Neumann (DtN) maps of the unit cells have been developed to analyze ideal 2D PhCs which are infinite and invariant in one direction [14, 15] . The DtN map of a unit cell is an operator (approximated by a small matrix) that provides the relation between the wave field and its normal derivative on the cell boundary, and it can be used to avoid repeated calculations in identical unit cells. For computing transmission and reflection spectra, the DtN maps are used together with an operator marching scheme that reduces memory requirement [15] [16] [17] [18] [19] . For simulating general PhC devices, the DtN map method also provides a rigorous boundary condition for terminating semi-infinite PhC waveguides [20, 21] . In this paper, we extend the DtN map method to PhC slabs for computing transmission and reflection spectra. In the vertical direction, we use eigenmode expansions as in [11] . The main advantages of the DtN map method for ideal 2D problems are preserved. In particular, our method avoids lattice sums, and it appears to be much simpler than the multipole method [11] .
The rest of the paper is organized as follows. The mathematical problem including proper boundary conditions is formulated in Section 2. For solving the boundary value problems associated with transmission and reflection spectra, the operator marching scheme is presented in Section 3. Various operators used in the operator marching scheme are represented by matrices based on vertical mode expansions in Section 4. The DtN map of a unit cell is constructed in Section 5, using general solutions in the unit cell given in vertical mode and horizontal cylindrical wave expansions. In Section 6, we briefly discuss a fourth order finite difference scheme for discretizing the vertical direction and solving the vertical modes. To validate our method, we present a few numerical examples in Section 7.
Problem formulation
We consider an infinite slab parallel to the xy plane and surrounded by a homogeneous medium with a lower refractive index, such as air. On the slab, there are one or more arrays of circular cylindrical holes, where each array consists of infinite number of holes arranged periodically in the x direction with period L. The centers of the holes are located on a triangular lattice with lattice constant L. A particular case with five hole arrays is shown in Fig. 1 . The hole arrays are assumed to be bounded by two planes at y = 0 and y = D. For y < 0 and y > D, the structure is the original slab without holes.
Our starting point is the Maxwell's equations. Assuming a time dependence exp(−iωt), where ω is the angular frequency, the electromagnetic field satisfies the following frequencydomain Maxwell's equations:
where H is the magnetic field scaled by the free space impedance, k 0 = ω/c is the free space wavenumber, c is the speed of light in vacuum, ε is the dielectric constant (or relative permittivity) and µ is the relative magnetic permeability (µ = 1 for nonmagnetic media). For a general 3D structure, ε and µ are functions of x, y and z.
Away from the holes, the structure has only a one-dimensional (1D) profile, that is, ε and µ depend only on z. In that case, the electromagnetic field can be decomposed as transverse electric (TE) and transverse magnetic (TM) waves, such that the z components of the electric and magnetic fields are zero, respectively. Meanwhile, the slab without the holes works as a waveguide, and it may support a few TE and TM guided modes. The TE modes satisfy the eigenvalue problem
where
is the profile of the x and y components of the electric field, and the z component of the magnetic field is proportional to µ −1 φ (1) .
Similarly, the TM modes give rise to the eigenvalue problem
where η (2) is the propagation constant, φ (2) = φ (2) (z) is the profile of the x and y components of the magnetic field, and the z component of the electric field is proportional to ε −1 φ (2) .
The guided modes must satisfy the boundary condition
The slab waveguide has only a finite number of guided modes and they are denoted by η 
1 , i.e. j = 1, are used to denote the fundamental TE or TM mode which has the largest propagation constant (for each p).
For the slab with hole arrays, we specify an incident wave for y > D. The incident wave is typically the fundamental TE or TM mode propagating towards the hole arrays. If the TE mode is used, the incident wave is
where α 0 and β
1 ] 2 and β 
1,0 satisfy α
1 ] 2 and β
1,0 > 0. The angle of incidence θ
can be similarly defined. Notice that we have used the same α 0 for both cases. Meanwhile, only the z components of the incident wave are specified. The other four components can be determined from the two z components and they are not needed in our computation. The incident wave gives rise to a reflected wave for y > D and a transmitted wave for y < 0. Although the incident wave is only a single TE or TM mode propagating with a fixed incident angle as a plane wave in the horizontal plane, the reflected and transmitted waves must include both TE and TM waves, all vertical modes and all diffraction orders. The k-th diffraction order associated with j-th TE or TM mode behaves like a plane wave with wave vector (α k , β (p) jk ) in the xy plane, where
In the above, the imaginary part of β
jk is required to be non-negative. Therefore, the z components of the reflected and transmitted waves can be written as
jk (p = 1, 2) are the reflection and transmission amplitudes to be determined. Since the slab waveguide has only a finite number of guided modes, the sums over j above appear to be finite sums. However, the incident wave also excites the radiation and evanescent modes. Therefore, strictly speaking, we should replace each sum over j above by a finite sum for the guided modes and an integral over the continuous spectrum for radiation and evanescent modes [22] . Since the explicit integral representation of the continuous spectrum is complicated, we adopt a more practical approach. In our actual numerical implementation, the z axis will be truncated by perfectly matched layers (PMLs) [23, 24] , then the continuous spectrum is approximated by a discrete sequence of eigenvalues. With this approximation, the index j in (8)- (11) goes through all positive integers, i.e., j = 1, 2, ..., ∞. Further details are given in Section 4.
If φ (1) j is a guided vertical TE mode, the k-th transmitted diffraction order associated with φ (1) j is the field with its H z component given by the (j, k)-th term in the right hand side of Eq. (10), i.e., µ
. When ε and µ are both real and if β jk is real (and positive), it is a propagating diffraction order which carries a power given by
Similarly, the power carried by the k-th propagating transmitted order associated with j-th TM vertical mode is
The total transmitted power (TP) is given by
where j goes through only the guided modes and k goes through only the propagating diffraction orders associated with each guided mode. The incident power (IP) and total reflected power (RP) are similarly defined. Notice that the incident wave given in (5) or (6) corresponds to the zeroth diffraction order associated with the first TE or TM vertical mode and the coefficient is 1. We define the transmittance (or relative transmitted power) as the ratio of TP and IP, reflectance (or relative transmitted power) as the ratio of RP and IP, and the out-of-plane radiation loss as 1 − (TP + RP)/IP. For a given incident wave, we can formulate the mathematical problem on the domain
Notice that Ω covers one period in the x direction, the interval (0, D) in the y direction, and it is still unbounded in z. The formulation in Ω requires proper boundary conditions. The boundary condition for |z| → ∞ is the standard outgoing radiation condition which will be approximated by PMLs in Section 4. Since the structure is periodic in x and the incident wave depends on x as exp(iα 0 x), the electromagnetic field is quasi-periodic.
the column vector of the two z components, then the quasi-periodic condition is
This implies that
To write down the boundary conditions at y = 0 and y = D, we need to define two linear operators S (p) (p = 1, 2) which will be approximated by matrices. These two operators act on functions of x and z which are also quasi-periodic functions of x. Let f (x, z) be such a function, we first expand µf in the vertical TE modes as
Since f is quasi-periodic in x, so aref j , i.e.,f j (x + L) = ρf j (x). Therefore, we can expand f j in its Fourier series and obtain
wheref jk are the Fourier coefficients off j . The operator S
(1) is defined by its eigenfunctions
and the corresponding eigenvalues β
jk , namely
for 1 ≤ j < ∞ and −∞ < k < ∞. Since S (1) is supposed to be linear, we have
If we evaluate the y derivatives of H (r) z and H (t) z by (8) and (10), it is easy to obtain
Similarly, we define the linear operator S (2) by
for j ≥ 1 and all k, then
Let S be the 2 × 2 matrix operator with the diagonals S (1) and S (2) and using w for the two z components, then (18) and (19) can be combined as
Since the incident wave is given for y > D only, we have w = w (t) for y < 0, thus the boundary condition at y = 0 is
Meanwhile, it is easy to verify that the incident wave satisfies
Since w = w (i) + w (r) for y > D, we can eliminate w (r) and obtain the boundary condition:
In the above, we have implicitly assumed that y = 0 and y = D are not material interfaces. If this is not true, then ∂ y w is not continuous and the boundary conditions (21) and (22) should be set at y = 0 − and y = D + , respectively.
Operator marching scheme
In this section, we present the operator marching scheme as a special method for solving the boundary value problem (1, 17, 21, 22) . The operator marching scheme is a technique similar to the scattering matrix and transmittance/admittance matrix methods described in [26] [27] [28] [29] . It has its origin in a work on acoustic waveguides [30] , and it has been applied to optical waveguide problems [31, 32] and PhC problems [15] [16] [17] [18] [19] . The main idea is to reduce the boundary value problem to an "initial value problem" for a pair of operators. This leads to reduced computer memory requirement and the possibility of developing efficient implementations utilizing special geometric features of the structure. We start by dividing the domain Ω given in (15) into sub-domains Ω 1 , Ω 2 , ..., Ω l * , where l * is the total number of sub-domains. For the slab with five hole-arrays shown in Fig. 1 , the top view of the five sub-domains are shown in Fig. 1(right) . These sub-domains are 3D cylindrical volumes with possible cross sections shown in Fig. 2 . For simplicity, we call these sub-domains unit cells, including non-convex sub-domains and modified sub-domains near the boundaries at y = 0 and y = D. These unit cells are bounded by the two surfaces at x = 0 and x = L, and separated by surfaces Γ 0 , Γ 1 , ..., Γ l * , where Γ 0 and Γ l * denote the two flat surfaces at y = 0 and y = D. Among the six different unit cells shown in Fig. 2, Fig. 2 . Possible cross sections of the sub-domains Ω l for a triangular lattice of air-holes on a slab.
we have three regular unit cells with convex cross sections that contain entire air-holes, and three shifted unit cells with non-convex cross sections that contain half air-holes.
On the surface Γ l , we choose a unit normal vector ν with a positive y component and define two operators Q l and Y l by
where w is the vector for the two z components of an arbitrary electromagnetic field satisfying the Maxwell's equations (1), the quasi-periodic condition (17) and the boundary condition (21) at y = 0, w l and ∂ ν w l denote w and ∂ ν w on Γ l , respectively. Notice that boundary condition (22) at y = D is not included in the above definition, thus the two equations in (23) are supposed to be valid for wave fields associated with any incident wave. The operator Q l is a global DtN operator that links w to its normal derivative on Γ l for the global field satisfying (21) and (17) . The operator Y l is a fundamental solution operator that links w on Γ l to w on Γ 0 . For the proper definition of Q l , we need to assume that Γ l does not coincide with a material interface, otherwise ∂ ν w is not continuous and we must define Q l based on one-sided limits. Matrix approximations of these operators will be discussed in Section 4. On Γ 0 (i.e. y = 0), these two operators are known from boundary condition (21) and the definition of Y 0 , that is
where I is the identity operator. If we know Q l * and Y l * (defined on Γ l * , i.e., at y = D), then boundary condition (22) gives us the following equation to solve the total field on Γ l * :
Furthermore, the total field on Γ 0 is given by
The reflected wave can be obtained by subtracting w (i) from w l * . The transmitted wave at y = 0 is exactly w 0 . Clearly, the key step is to calculate Q l and Y l from the given Q l−1 and Y l−1 . This requires the so-called reduced DtN map M of the unit cell Ω l satisfying
where w represents the electromagnetic field satisfying the Maxwell's equations (1) in Ω l and the quasi-periodic condition (17) . Notice that M is a 2 × 2 matrix operator, where each block is an operator. From (23) and (27), we obtain the following marching formulas:
The reduced DtN maps are related to the (unreduced) DtN maps of the unit cells. If Ω l is a regular unit cell, its DtN map is the 4 × 4 matrix operator Λ satisfying
where w corresponds to an arbitrary electromagnetic field satisfying the Maxwell's equations (1) in Ω l , w l , w l−1 , w| x=L and w| x=0 denote w on Γ j , Γ j−1 and the lateral boundaries of Ω l at x = L and x = 0, respectively. In Section 5, we present an efficient method for approximating the operator Λ by a matrix. If the electromagnetic field satisfies the quasi-periodic condition (17), we can eliminate the last two rows in (31) and find the reduced DtN map M:
If Ω l is a shifted unit cell containing two half air-holes, its DtN map is more difficult to calculate. Fortunately, all we need is the reduced DtN map M and it can be calculated from the reduced DtN map of a regular unit cell. In Fig. 3 , we show the cross section of a shifted 
where ρ = e iα 0 L and I is an identity operator. This leads to
Expansions in vertical modes
In actual numerical implementations, the operators S, Q l , Y l , M and Λ, etc, have to be approximated by matrices. This is achieved by mode expansions in the vertical direction and discretization in physical space on the boundaries of the cross sections of the unit cells.
To account for out-of-plane radiations, we use the popular perfectly matched layer (PML) technique [23] . In terms of complex coordinate stretching [24] , a PML replaces z byẑ = z 0 s(τ )dτ in the governing equation, where s(z) = 1 and is complex only if z is in the PML. The variable z is then truncated to the interval (z bot , z top ), where the actual PMLs are given near the two ends of the interval. With the PMLs, the eigenvalue problem for the TE modes is modified as µ s d dz
and the eigenvalue problem for the TM modes is modified as
Notice that different boundary conditions are used for the TE and TM modes. Since z is truncated to a finite interval, the above eigenvalue problems have discrete sequences of eigenvalues η (p) j for j = 1, 2, 3, ... and p = 1, 2. Therefore, PML gives a discrete approximation to the continuous spectra of open slab waveguides and allows us to write down the reflected and transmitted waves as in (8), (9), (10) and (11) .
Let Σ be a surface parallel to the z axis and A be an operator that acts on the two z components of the electromagnetic field, i.e., w, where both w and Aw are defined on Σ, then we can get rid of the z variable by expanding µH z and εE z , as well as the two components of Aw in the TE and TM modes, respectively. For the two z components, we have
Similarly, if Aw = [f, g] T , then on the surface Σ, we have
In the above,H z,j ,Ẽ z,j ,f j andg j are functions defined on a curve Σ 0 which is the intersection of Σ with the xy plane. Clearly, the operator A can be represented by the following matrix A satisfyingÃw
. .
If we retain J 1 TE modes and J 2 TM modes, thenÃ is a J × J matrix, where J = J 1 + J 2 . At this stage, each entry ofÃ is still an operator which acts on functions defined on the curve Σ 0 . In the fully discretized case, each entry ofÃ is approximated by a small matrix, the size of which corresponds to the number of points used to sample Σ 0 . In the above, we have also writtenÃ in 2 × 2 block form. In that case, an entry ofÃ may be written asÃ pq jk for 1 ≤ p, q ≤ 2, j ≥ 1 and k ≥ 1, and it is related to the two vertical modes φ 
for p = 1 and 2. If we discretize x for 0 < x < L by N uniform points, thenS pp jj can be approximated by an N ×N matrix whose eigenvalues are β (p) jk , the corresponding eigenvectors are the vectors obtained by evaluating exp(iα k x) at the N points, and k is given by −N/2 ≤ k < N/2 if N is even and |k| ≤ (N − 1)/2 if N is odd.
The operators Q l , Y l , M and Λ are represented in vertical mode expansions byQ l ,Ỹ l ,M andΛ, respectively. Like the operator A discussed earlier, Q l acts on w defined on Γ l and Q l w is also defined on Γ l . However, the operator Y l is slightly different, since it maps w on Γ l to w on Γ 0 . Therefore,Ỹ l mapsw on Γ l tow on Γ 0 , and the entryỸ l | 
Dirichlet-to-Neumann map of a unit cell
In this section, we present a method for constructing the DtN map of a regular unit cell Ω l that contains a circular air-hole with radius a. The unit cell Ω l is divided into the slab region and the hole region as shown in Fig. 4 . We use a coordinate system, such that z-axis is the axis of the air-hole and the xy plane is parallel to the slab. In the cylindrical coordinate system {r, θ, z}, the slab and hole regions are given by r > a and r < a, respectively. Similar to the construction of DtN maps for unit cells in ideal 2D PhCs [14, 15] , we need to write down the general solution in the unit cell. The general solution can be obtained by using mode expansions in the vertical direction, cylindrical wave expansions in the horizontal plane and a proper matching on the vertical wall of the air-hole.
The general solution in the unit cell is first written as a Fourier series in θ. For the two z Fig. 4 . Cross section of a regular unit cell Ω l containing one air-hole. The vertical axis z is terminated by PMLs.
components, we have
In the slab region, the m-th Fourier mode can be expanded in vertical modes aŝ
where J m and H To find these relations, we need to write down the electromagnetic field in the hole region r < a. Let µ h (z) and ε h (z) be the relative permeability and relative permittivity functions of the hole region, the vertical TE and TM modes in the hole region, denoted as φ h,j , satisfy equations similarly to (35) , (36), (37) and (38). Then, the m-th Fourier mode of w in the hole region is given bŷ
For each m, we define the vectors a m , b m and c m by
. . .
then the continuity ofŵ m at r = a gives the following equation
where the matrix B 11 and B 12 are obtained by evaluating (44) and (45) at r = a + , and the matrix B 13 is obtained by evaluating (46) and (47) at r = a − . In practice, the vertical mode expansions are truncated to keep J 1 TE modes and J 2 TM modes, then a m , b m and c m are vectors of length J = J 1 + J 2 . We evaluateĤ z,m andÊ z,m at J 1 and J 2 distinct points of z, respectively, then B 11 , B 12 and B 13 are J × J matrices.
Another equation for a m , b m and c m can be obtained by matching the θ components of the electromagnetic field at r = a. As before, we first expand the θ components of the electromagnetic field in Fourier series of θ:
In the slab region, we express the m-th Fourier mode in vertical mode expansions:
In the above, a prime is used to denote the derivative. Similarly, in the hole region, we havê
h,j r) , r < a,
h,j r) , r < a.
The continuity of the θ components gives rise to the equation
where B 21 , B 22 and B 23 are J × J matrices, if J 1 TE modes and J 2 TM modes are retained in the above expansions,Ĥ θ,m andÊ θ,m are evaluated at J 2 and J 1 distinct points of z, respectively. From (49) and (51), we can eliminate c m and solve b m in terms of a m . Therefore, we can find a matrix D m , such that
To find the DtN map Λ of the unit cell Ω l , we use the general solution in the slab region given by (43), (44) and (45). Since we actually calculate the representation of Λ in vertical mode expansions, i.e.Λ, it is more convenient to write the general solution by first expanding in the vertical modes. As in (39), we have
Let Σ be the lateral boundary of Ω l and Σ 0 be the intersection of Σ with the xy plane. To obtain a matrix approximation ofΛ, we choose K points on Σ 0 , say x 1 , x 2 , ..., x K , retain K terms for the sums in (54) and (55), and evaluateH z,j andẼ z,j at these K points for 1 ≤ j ≤ J 1 and 1 ≤ j ≤ J 2 , respectively. This gives rise tõ
wherew, as given in (41), is a column vector for allH z,j andẼ z,j , a is a column vector for all a (p) jm and F is a square matrix. Notice thatH z,j andẼ z,j are themselves column vectors of length K, thus the total length ofw is JK for J = J 1 + J 2 . The sums in (54) and (55) are truncated to −K/2 ≤ m < K/2 for an even K or to |m| < (K − 1)/2 for an odd K. Since for each m, the vector a m has length J, the total length of a is thus JK. The general solution given in (54) and (55) involves the coefficients b jm (for p = 1, 2, and j ≥ 1) are related to a (p) jm as given in (52),w is only related to a.
At the K points on Σ 0 , we also specify a unit normal vector ν(x k ) for k = 1, 2, ..., K.
Since the general solution is given analytically in (54) and (55), we can easily evaluate the directional derivatives ofH z,j andẼ z,j at these K points. This leads to
where G is a (JK) × (JK) square matrix. Eliminating the coefficients a from (56) and (57), we obtain the matrix approximationΛ of the DtN map satisfying
Computing the vertical modes
To implement the method presented in previous sections, we need to calculate the vertical TE and TM modes for both slab and hole regions, assuming that the z axis is truncated by PMLs. In the slab region, the vertical modes are solutions of the eigenvalue problems (35) and (36), or (37) and (38) for the TE and TM cases, respectively. In the hole region, the governing equations can be simply obtained by replacing µ(z) and ε(z) in (35) and (37) by µ h (z) and ε h (z). For a layered structure where µ and ε are piecewise constant in z, the eigenvalue problems can be solved semi-analytically by writing down the exact solution of in a given region of the complex plane. Furthermore, the eigenvalue problems give infinite sequences of TE and TM modes, but it is not clear how the sequences should be truncated, since there is no natural ordering for the complex eigenvalues [η (p) ] 2 . Some of these difficulties can be avoided by solving the eigenvalue problems numerically. For improved accuracy and to reduce the total number of vertical modes, a high order numerical scheme is preferred.
For the governing equations (35) and (37), a fourth order finite difference scheme was previously developed by Chiou et al. [33] . If φ is a sufficiently smooth function of z, we have the following well-known fourth order compact finite difference scheme:
where φ ′′ is the second derivative of φ and h is the grid size. Chiou et al. derived a similar formula for the case where the interval [z − h, z + h] contains a discontinuity of µ(z) or ε(z) and applied the formula to (35) and (37).
In our problem, the z-derivatives of the vertical modes are also needed. In the construction of the DtN map of a unit cell, we match the θ components of the electromagnetic field on the vertical boundary of the hole. It turns out that H θ involves the TM modes and the zderivatives of the TE modes, and E θ involves the TE modes and the z-derivative of the TM modes. Therefore, it is more convenient to rewrite (35) and (37) as first order systems and approximate the first order derivative operator. For this purpose, we also use staggered grids, so that the TE modes and the z-derivatives of the TM modes are discretized at the integer grid points {z l : l = 1, 2, ...}, and the TM modes and the z-derivatives of the TE modes are discretized at the half-integer grid points {z l+ 1 2 : l = 0, 1, ...}, where z l+ 1 2 = z l + h/2. If f is a smooth function of z, we have the following fourth order finite difference schemes:
We need an extension of (60) to cases where f or its derivatives have a discontinuity at z * ∈ [z − h, z + h]. We write the extended formula as
where the coefficients d 1 , d 2 , ..., d 5 depend on h, the location of z * and the exact matching conditions at z * , and they satisfy
If z * coincides with one of five involved points: z, z ± h/2 and z ± h, and if f and f ′ are not continuous at z * , then f (z * ) and f ′ (z * ) in (61) should be replaced by their one-sided limits f (z − * ) and f ′ (z − * ). To discretize (35) and (37), the formula (61) is needed for the following four cases: 2) and z = z l , and (4) f = dφ (2) /dz and z = z l+ 1 2 . For each of these four cases, the coefficients d 1 , d 2 , ..., d 5 are derived following the procedure developed in [33] . It relies on Taylor expansions and the exact matching conditions at z * for φ (p) and its derivatives. Assuming µ(z) or ε(z) are piecewise constant and discontinuous at z * , then the basic matching conditions are
The matching conditions for higher order derivatives of φ (p) are also needed in the derivation of (61) and they can obtained from the differential equations (35) and (37). In the PMLs, µ(z) and ε(z) are supposed to be constants, then (35) and (37) are reduced to
whereẑ = z 0 s(τ )dτ is a complex function of z. Corresponding to the real grid points z l and z l+ 1 2 with a constant grid size h, we have the complex grid pointsẑ l andẑ l+ 1 2 . To discretize (62), we need to extend the formula (60) to non-uniform grids, then apply the extended formula to the complex grid points ofẑ.
In our implementation, the interval (z bot , z top ) is discretized as
where h = (z top − z bot )/(J 1 + 1). Therefore, a TE mode φ (1) is represented by a vector of length J 1 and a TM mode φ (2) is represented by a vector of length J 2 = J 1 +1. This difference in the length of the vectors reflects the different boundary conditions used for the TE and TM modes. We have also chosen the truncation and discretization parameters z bot , z top and J 1 , such that the material interfaces (discontinuities of ε and/or µ) are located at integer grid points. In that case, it can be shown that formula (61) retains a fourth order accuracy.
Numerical examples
To demonstrate our method, we calculate the transmission and reflection spectra for a number of examples. The first example was previously analyzed by Ochiai and Sakoda [34] using the FDTD method. The structure involves l * = 10 arrays of air-holes on a slab with a dielectric constant ε = 11.56. The slab is surrounded by air. The air-holes form a triangular lattice with lattice constant L. The radius of the air-holes and thickness of the slab are 0.25L and 0.5L, respectively. For a normal incident wave which is the fundamental TE mode of the slab, we obtain the transmission spectrum shown in Fig. 5(top) , where the vertical axis is the transmittance defined in Section 2 and the horizontal axis is the normalized frequency.
In agreement with the results given in [34] , there is a frequency interval (which contains a bandgap) where the transmission is very low. However, outside that interval, the transmittance we obtained is somewhat larger than that given in [34] . In Fig. 5(bottom) , we show the out-of-plane radiation loss for different frequencies. Although this loss is relatively small (less than 5%) for small frequencies (ωL/(2πc) < 0.32), it can be more than 25% for some larger frequencies satisfying ωL/(2πc) > 0.36.
To obtain the results shown in Fig. 5 , we truncate the z variable to the interval (−3L, 3L) with PMLs given by 2.5L < |z| < 3L, and discretize z using the grid size h = L/8. The parameters of PMLs are chosen based on the principles developed in [35] . Since a fourth order scheme is used to discretize vertical variable z, the grid size h is relatively large. This leads to J 1 = 47 TE modes, J 2 = 48 TM modes and a total of J = 95 modes. For a hexagon unit cell, we use 7 points to discretize each edge of Σ 0 (boundary of the intersection of the hexagon unit cell with the xy plane), thus the total number of points to discretize Σ 0 is K = 42. As The second example is also a slab with a triangular lattice of air-holes and surrounded by air, but the parameters are different. We assume that the dielectric constant of the slab is ε = 12.25, the thickness of the slab is 0.6L, and the radius of the air-holes is 0.3L. The band structure of such a PhC slab has been calculated by a plane-wave expansion method in [36] . In the first case, we calculate the transmission and reflection spectra and out-of-plane radiation loss for finite number of air-hole arrays, where the incident wave is the fundamental TE mode propagating towards the arrays with an angle of incidence θ (1) 1,0 = π/6. The transmission spectrum for l * = 7 arrays is shown in Fig. 6 . For this case, the out-of-plane radiation loss is bounded by 2% for all frequencies given in Fig. 6 and it is very small for ωL/(2πc) ≤ 0.32. For this example, we consider another case where the air-hole arrays are separated by a line defect as shown in Fig. 7 . The structure can be obtained by filling the air-holes of the central array, and it corresponds to a leaky waveguide with finite PhC cladding in the horizontal plane. Although there are only six air-hole arrays, we still use l * = 7 unit cells in our operator marching scheme, since a defect unit cell without an air-hole is needed. For this structure, we calculate the transmission and reflection spectra for the same incident wave. The results are shown in Fig. 8 . Clearly, there are a few resonant transmission frequencies in the originally low transmission frequency interval. To reveal more details, we show the transmission spectra near the resonant frequencies with a very dense sampling of the frequency. It appears that the transmission peaks at the resonant frequencies are correctly calculated. For this case, the out-of-plane radiation loss remains small for non-resonant frequencies, but it is much larger at the resonant frequencies. The largest out-of-plane loss is about 25% and it corresponds to the resonant frequency near ωL/(2πc) = 0.31. The numerical results shown in Fig. 6 and Fig. 8 are obtained by truncating z to the interval (−3.3L, 3.3L), discretizing z by the grid size h = 0.15L, discretizing each edge of Σ 0 by 7 points and discretizing the line segments Γ 0 0 and Γ 0 l * by N = 12 points. Therefore, the total number of vertical modes is J = 87,Λ is a 3654 × 3654 matrix,Q l andỸ l (0 < l < l * ) are 1218 × 1218 matrices,Q 0 ,Ỹ 0 ,Q l * ,Ỹ l * andS are 1044 × 1044 matrices.
Conclusions
In this paper, we developed a rigorous and efficient method to compute transmission and reflection spectra for finite number of air-hole arrays in a slab, where the incident waves are propagating modes of the slab. The study is relevant to photonic crystal slabs which have promising applications in future photonic integrated circuits. Our method is a 3D extension of an earlier Dirichlet-to-Neumann (DtN) map method [15] [16] [17] for ideal 2D photonic crystals which are invariant in one spatial direction. It is a rigorous computational method without any analytic approximations. The method relies on the DtN maps of the unit cells defined in terms of the two z components of the electromagnetic field, where the vertical z direction is perpendicular to the horizontal plane of the slab. The DtN maps are constructed based on mode expansions in the vertical direction and cylindrical wave expansions in the horizontal plane.
Compared with the widely used FDTD and finite element methods, our method has the advantage of avoiding a full discretization of a 3D volume. In particular, repeated calculations in identical unit cells are avoided. The multipole method [11] also uses vertical mode and cylindrical wave expansions, but it requires sophisticated lattice sums techniques to account for the infinite number of cylinders in each array. The DtN avoids lattice sums and is relatively simple to implement.
